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Abstract 

We report our searches for a single tubular tachyonic solution of regular profile on unstable 
non BPS D3-branes. We first show that some extended Dirac-Born-Infeld tachyon actions in 
which new contributions are added to avoid the Derrick's no-go theorem still could not have 
a single regular tube solution. Next we use the Minahan-Zwiebach tachyon action to find the 
regular tube solutions with circular or elliptic cross section. With a critical electric field, the 
energy of the tube comes entirely from the DO and strings, while the energy associated to 
the tubular D2-brane tension is vanishing. We also show that fluctuation spectrum around 
the tube solution does not contain tachyonic mode. The results are consistent with the 
identification of the tubular configuration as a BPS D2-brane. 
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1 Introduction 



In an interesting paper [1] , Mateos and Townsend showed that a cylindrical, or tubular D2- 
brane in a Minkowski vacuum spacetime can be supported against collapse by the angular 
momentum generated by the Born-Infeld (BI) electric and magnetic fields. Specifically, the 
Lagrangian density for unit surface tension is [1] 

C = -yJ-det(g + F). (1.1) 

where g is the induced metric on the 3D worldvolume and F is the worldvolume BI field 
strength 2-form. The BI magnetic field B is a worldspace scalar and the BI electric field E 
is chosen to be parallel to the axis of the cylinder. Thus, the BI 2-form is 

F = EdtAdz + Bdz Ada. (1.2) 

If we consider the cylindrical solution with radius R the Lagrangian density becomes 

C(E, B, R) = - y/i? 2 (l - E 2 ) + B 2 . (1.3) 

Introducing the electric displacement II = dC/dE the Hamiltonian density H = HE — C 
becomes 

H(U, B, R) = R~ y(n 2 + R 2 ) (B 2 + R 2 ) . (1.4) 
From this formula we see that the energy is minimized for given B and II when 

R=\BU\. (1.5) 

This is therefore the equilibrium value of the cylinder radius. The equilibrium energy is 

n min = |n| + \b\ . (i.6) 

This energy formula is typical of 1/4 supersymmetric configurations, and a calculation con- 
firms that the D2-brane configuration just describes preserves 1/4 supersymmetry, hence the 
name 'supertube'. More investigations about the supertube had been presented in [2]. The 
matrix theory interpretation was provided by Bak and Lee in [3] and others [4]. 

In [5] Kim et. al. had investigated the supertube from the Dirac-Born-Infeld tachyon 
action, in the spirit of the Sen's conjecture that the BPS branes can be viewed as tachyon 
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kinks on non-BPS branes on higher dimension [6,7] - the remarkable 'Decent Relation'. The 
nontrivial coaxial array of tubular solution they found is the bound state of fundamental 
strings, DO-branes, and a cylindrical D2-brane and exhibit BPS-like property. 

In this paper we will report our searches for a single tubular tachyonic solution of regular 
profile on unstable non BPS D3-brane. In section II we first briefly review the coaxial 
array of tubular solution [5] in the standard Dirac-Born-Infeld tachyon action. Then we 
turn to investigate some extended models [8,9] in which new contributions are added to the 
tachyon action to avoid the Derrick's no-go theorem [10]. We show that, however, these 
extended models still do not provide us with a single regular tube solution. In section III, we 
use the Minahan-Zwiebach tachyon action [11] to investigate the problem. We have found 
a regular tube solution with circular cross section and seen that the energy of the single 
tubular configuration comes entirely from the DO and strings which are on the D3-brane. 
We calculate the fluctuation spectrum around the kink solution and see that there is no 
tachyonic mode therein. In section IV, we present the similar calculations for the tube 
with elliptic cross section. These results are consistent with the identification of the tubular 
configuration as a BPS D2-brane. We make a conclusion in the last section. 

Note that the Minahan-Zwiebach tachyon action was successfully used by Hashimoto and 
Nagaoka [12] to show the phenomena of kink condensation and vortex condensation in the 
unstable non BPS branes. It supports the Sen's conjecture of the 'Brane Descent Relations' 
of tachyon condensation. Our investigations prove that the 'Descent Relations' also show in 
the tube condensation on the unstable non BPS D3-brane. 

2 Tubular Solutions in DBI Tachyon Action 
2.1 Tube in Standard DBI Tachyon Action 

The standard Dirac-Born-Infeld (DBI) tachyon action for unstable D3-brane is [6] 

S = -%J d A x V(T)y/- det(g^ + d„Td v T + F^). (2.1) 

In the cylindrical coordinate ds 2 = —dt 2 + dz 2 + dr 2 + r 2 d9 2 and the tachyon field we 
considered depends only on the radial coordinate r. The BI electric and magnetic fields are 
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taken to be 

E Z = E, F dz = B, (2.2) 

with constant E and B. Other components of EM field strength are vanishing. In this case, 
the tachyonic effective action simplifies drastically 



S = -% 



J dtdzdO J drV{T)y/{l - E 2 )r 2 + B 2 Vl + T' 2 , (2.3) 



where the prime ' denotes differentiation with respect to the radial coordinate r. 

To consider the supertube-like solutions we shall take E = 1 [1] and thus work with the 
action 

S = —BT 3 J dtdzdO J dr V(T)Vl + T' 2 . (2.4) 

The effective action above maps to that of a simple mechanical system with conserved 
"energy" by imagining r as "time", which immediately gives us the following integral of 
motion, 

CB/%, (2.5) 



VI + T' 2 

in which C is an arbitrary integration constant. Above equation may be rewritten as 

V + f/(T) = -i (2.6) 

with 



U(T) = -i 



%V(T) 
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(2.7) 



CB 

Since the tachyon potential V(T) measures varying tension, it shall satisfy two boundary 
values such that V(T = 0) = 1 and V(T = oo) = [6]. A nontrivial solution exists for 
T 3 /CB Z > 1. In this case we have a coaxial array of tubular configuration where T oscillates 
as function of r. The typical behavior of function U(T) is plotted in figure 1. 



u 



Figure. 1. The general behaviors of U(T) in (2.7), (2.15), and (2.19). U(T) is bounded 
between and [J mm . When JJ mm < — 1/2 we could have a nontrivial solution in which T 
oscillates as function of r. This corresponds to a coaxial array of tubular configuration. 

For the specific form of tachyon potential [13] 

V '< T > = sariW < 2 - 8 > 

where T is y/2 for the non-BPS D-brane in the superstring and 2 for the bosonic string in 
the string unit, the exact solution T(r) was found in [5]. After calculation the authors of 
[5] had shown that the energy of the tube comes entirely from the DO and strings which are 
bounded on the D3-brane, as the relation (1.6) is shown. This supports the Sen's conjecture 
of the 'Brane Descent Relations' of tachyon condensation in the case of a coaxial array of 
tubular configuration. 

2.2 Tube in Extended DBI Tachyon Action (I) 

In this paper we attempt to investigate the problem for a single tube configuration. Following 
the literatures [8,9] we will add new contributions to the tachyon action. Let us first consider 
the following extended DBI tachyon action 

S = -%J dtdzdO J drV(T) y(l-E 2 )r 2 + B 2 Vl + T' 2 + eT /2n ) . (2.9) 

The above action becomes the standard one (2.3) if the free parameter e is vanishing. The 
electric displacement and the energy density are 



Ey/1 + V 2 



U = T 3 V(T)^ (2.10) 
^(l-E 2 )r 2 + B 2 



H = T 3 V(T) 



(2.11) 



yj(l - E 2 )r 2 + B 2 

Following Derrick's theorem [10], now we assume that there exists a kink profile T(r) which 
extremizes the energy and consider the configuration obtained by dilating the coordinates, 
r — > Ar. If the solution is to be an extremum of the energy then (^ / H x )\=i = 0. For the 
case of supertube, E — 1, we then have the relation 



5 



3 J dzd6drV(T) 



2r 



B 2 



b 2 ^ b*VTTt& 



(2n - l)eT' 



/2n 



= 0. 



In the standard BDI action, e = 0, then this relation forces V = or T' 2 — > oo. This 
is the reasoning behind the a singular tube solution found in [14]. The singular solution 
complicates the analysis of its properties and it would therefore be useful to describe this 
solution as a limit of a regular solution. Therefore we will consider the regularized action 
with (2ra - l)e > 0. 

The Lagrangian in the case of supertube, E — 1, is 



L = -BT 3 V(T) (VI + V 2 + eT ,2n ) . 



(2.12) 



As before, the Lagrangian maps to that of a simple mechanical system with conserved 
"energy" by imagining r as "time", which immediately gives us the following integral of 
motion, 



%V(T) 



B 



+ (1 -2n)eT 



>/2n 



= c, 



(2.13) 



yi + T' 2 

in which C is an arbitrary integration constant. For the cases of n — Oorl the above equation 
may be rewritten as 



with 



-T' 2 + U(T) n 



U(T) n=0 = -- 



1 

'2' 



B 2 



c 



U{T) 



n=l 



B 2 



c 



T 3 V(T) 



-eB 2 



r 3 v(T) 
1-5 2 



2 ' 



C 



r 3 v(T) 



c 



T 3 V(T) 



+ 0(6 2 



(2.14) 
(2.15a) 

(2.156) 



As the tachyon potential V(T) measures varying tension, it shall satisfy two boundary values 
such that V(T = 0) = 1 and V(T = oo) = [6]. This implies that 



U(T) n= Q — > 0, as T — > ±oo, 
C/(T) n= i -> 0, as T -> ±oo. 



(2.16a) 
(2.166) 



Therefore, denoting the minima value of U{T) n as U(T)™ m , then for the case of U{T)™ m > 
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— 1/2 the real solution T does not exist. If £/(T)™ m = —1/2 the real solution T becomes a 
constant. On the other hand, for the case of U(T)™ m < —1/2 the solution T oscillates as 
function of r. In this case we have a coaxial array of tubular configuration (see the figure 1). 
Thus we have proved that there does not exist a single, regular tube solution in the action 
(2.9) for the cases of n — Oorl. The cases with other values of n remain to be analyzed. 

2.3 Tube in Extended DBI Tachyon Action (II) 

Let us next consider the following extended DBI tachyon action [8,9] 



S = -T 3 [ dtdzdO J drV{T) [(1 - E 2 ) r 2 + B 2 ] 1/2+6 [l + T' 2 



l/2+e 



(2.17) 



The above action becomes the standard one (2.3) if the free parameter e is vanishing. After 
performing the same analyzing as before we have the equation 



with 



1 + e 



Ir' 2 + [/(T) e = -i 



4(InB+1) . 4 ®y +2 j5W 



CB 



CB 



in which C is an arbitrary integration constant. Therefore, as before, 



0. 



as T — > ±oo, 



(2.18) 

+ 0(e 2 ) 
(2.19) 

(2.20) 



and only if jj(T)™ m < —1/2 could we have a nontrivial solution. However, the solution T 
will oscillate as function of r and we have a coaxial array of tubular configuration (see the 
figure 1). Thus we have also proved that the extended action (2.17) does not have a single, 
regular tube solution. 



2.4 Straight Kink and Tubular Kink on non BPS D-branes 

We conclude this section with a summary about the properties of straight kink and tubular 
kink on non BPS D-branes. 

(I) The standard DBI tachyon can provide us with a singular straight kink [6,8] and a 
periodic array of straight, regular kink-antikink [15]. The extended DBI tachyon action with 
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extra term eT' 2n could provide us with a single, regular straight kink which is described by 
the tachyon field [8] 

r « = (S^Tj? (2 ' 21) 

The extended DBI tachyon action in which the Lagrangian modified as (1 + T /2 ) 1 ^ 2+e could 
also provide us with a single, regular straight kink which is described by the tachyon field 
[8] 

T(x) = ±= . (2.22) 

(II) The standard DBI tachyon action with Born-Infeld (BI) electric and magnetic fields 
can provide us with a singular tubular kink [14] and a periodic array of regular tachyon 
tubes [5] . However, neither the extended DBI tachyon action with extra term e T' 2n nor the 
extended DBI tachyon action in which the power in the Lagrangian is modified as 1/2 + e 
could provide us with a single tube with regular profile, as was shown in this section. 

As the singular solution complicates the analysis of its properties we will in the next 
section adopt the Minahan-Zwiebach tachyon action [11] to investigate the problem. We can 
in there find a regular tube solution. 



3 Tube Solution in Minahan-Zwiebach Tachyon Action 

The Minahan-Zwiebach (MZ) tachyon action [11] is the low energy effective action which 
embodies the tachyon dynamics for unstable D-branes in (super)string theories. Although 
the models were first proposed as a toy model capturing desirable properties of string theories, 
it was seen that the model is a derivative truncation of the BSFT action of the non-BPS 
branes [16]. The MZ tachyon action was successfully used by Hashimoto and Nagaoka [12] 
to show the phenomena of kink condensation and vortex condensation in the unstable non 
BPS branes. It supports the Sen's conjecture of the 'Brane Descent Relations' of tachyon 
condensation. We have also used the MZ tachyon action to investigate the problems of 
the interaction between the kink-anti-kink configurations and recombination of intersecting 
branes [17]. 

The straight kink condensation in MZ tachyon action is easily to be seen. As the La- 
grangian is proportional to V(T) (1 + (d x T)j the equation of motion is V(T)'(1 — T'(x) 2 ) = 
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2V(T)T"{x) which can be solved by a linear tachyon profile 

T = x. (3.1) 

The solution interpolates two vacua of the theory at T = ±00. The center of the kink sits at 
x — 0. After the analysis it is seen that there is no tachyonic fluctuation and the mass tower 
starts from a massless state and has the equal spacing [12]. It is a consequence that while 
the Derrick's theorem prevent us from obtaining a regular kink solution in the standard DBI 
tachyon action it does not forbid a regular kink solution in MZ tachyon action. It is worthy 
to mention that the solution of tachyon profile T = x is irrelevant to the function form of 
the tachyon potential V{T). 

3.1 Tubular Kink in MZ Tachyon Action 

The Minahan-Zwiebach tachyon action we use is [11,12] 

S = -T s / d'x V(T) (l + («9,T) 2 + . (3.2) 



In the cylindrical coordinate the above action with the BI electric and magnetic fields (2.2) 
becomes 

S = -2ttT 3 J dt dz dr r V(T) ^1 - ^ + ^ + T' 2 ^ . (3.3) 
The associated equation of motion is 



2V(T) (t"{x) + V'(T) (l - *L- + ^ - T' 2 ) = 0, (3.4) 

which can be solved by 

T(r) c = -^Jn(r/r ), (3.5) 

if electric E = E c = y/2. The value of r$ in above is an arbitrary integration constant. 
Note that the value of |T(r) c | becomes zero at r = r and the radius of tube will depend on 
the value of r . We will later see that the tube radius and r is determined by the BI EM 
field, i.e., the charges of DO and strings on the brane. It is noted that, as that in the case 
of straight kink solution, the above tube solution is irrelevant to the function form of the 
tachyon potential V(T). Also, near the radius r then r - r e e < 1 and the solution (3.5) 
become T(r) c ~ which describe a linear profile likes that in the straight tachyon 

kink. 
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It is important to mention the physical meaning of the critical value of electric field E c . 
The action (3.3) tell us that the electric field has the effect of reducing the brane tension, 
and increasing E to its 'critical' value E c = \[2 would reduce the tension to zero if the 
magnetic field were zero; because that C ~ B 2 when E = E c (Note that from (3.5) we have 
a relation T c ' 2 ~ B 2 ). This implies that the tachyon tube has no energy associated to the 
tubular D2-brane tension; its energy comes entirely from the electric and magnetic fields, 
which can be interpreted as 'dissolved' strings and DO-branes, respectively. The energy from 
the D2-brane tension has been canceled by the binding energy released as the strings and 
DO-branes are dissolved by the D2-brane. The phenomena that the tubular D2-brane tension 
has been canceled was crucial to have a supersymmetric tube configuration [1,18]. 

To proceed we define the electric displacement defined by II = dL/dE and thus from 
(3.3) 

n = %V(T)rE, (3.6) 
The associated energy density defined by H = HE — L becomes 

H = T s V(T)r^2 + ^y (3.7) 

when E = E c . In figure 2 we plot the typical behaviors of function H(r) which shows that 
there is a peak at finite radius. 




We can now us the regular tachyon solution (3.5) to evaluate the energy density U and 
string charge q\. The results are 
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/„ 



U = 2n drH = 2ttT, 



2 + 



. T V2 



_B_\ 

T y/2 y I^H 



B 
T0V2 



- 2 



+ 



'T0V2 



B 2 

2B 
T V2 



(3.8) 



rc 

= 2tt / 
Jo 



drU = 2n% 



2B 
TqV2 



r 



B 



B 



'T {) V2 



(3.9) 



in which the functional form of tachyon potential V(T) in (2.8) is used. We can now follow 
[5] to define the D Q charge go by the relation 



q ~ BT T 3 , 



then 



U = V2qi + g , 
and when B ^> T ^/2 equation (3.9) implies that 

- r o ~ y/qiqo, 



Qi ~ r o % 1 



(3.10) 



(3.11) 



(3.12) 



which is like the relation (1.5). Thus we have seen that the tubular D2-brane tension has 
been canceled by the binding energy released as the strings and DO-branes are dissolved by 
the D2-brane. In this interesting case, i.e. E = E c the energy of the tube comes entirely 
from the DO and strings which are bounded on the D3-brane. 

We conclude this section a comment. The critical electric in DBI action is E c — 1 [1] 
while that in the MA tachyon action is E c = \/2. In the later case the tube profile is 
described in (3.5) and does not depend on the functional form of tachyon potential V(T). 
The inconsistence may be traced to the fact that the MZ tachyon action is just a derivative 
truncation of the BSFT action of the non-BPS branes [16]. However, we hope that the 
truncated action could capture desirable properties of the brane theories. 

3.2 Fluctuation around Tubular Kink 

Let us now consider the fluctuation t around the tubular solution 



T{r)=T{r) c + t{r). 



(3.13) 
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Substituting the tubular kink solution T(r) c in (3.5) into the action (3.3) and considering 
only the quadratic terms of fluctuation field t(r) we obtain 



S = -2ttT 3 J drr (v(T c ) t' 2 + 2V(T C )' tt' + 



= -2n% 



J dr (^ri' 2 



(3.14) 



in which we have used an partial integration and the field redefinition 

t = V(T C )5 t, with V(T C ) = e~ n . 



After defining a new variable 



we obtain 



S = -2n% / dw 



w = In (r/r ) , 



djdj + il -— + — w 2 U 



(3.15) 



(3.16) 



(3.17) 



From the above expression we see that the fluctuation t obeys a Schrodinger equation of a 
harmonic oscillator, thus the mass squared for the fluctuation is equally spaced and specified 
by an integer n, 

m 2 = 2nB 2 , n>0. (3.18) 

Thus there is no tachyonic fluctuation, the mass tower starts from a massless state and has 
the equal spacing. This result is consistent with the identification of the tachyon tube as a 
tubular BPS D2-brane. 



4 Elliptical Tube in MZ Action 

Historically, following the initial supertube paper [1], a matrix model version of it was intro- 
duced by Bak and Lee [3]. A subsequent paper by Bak and Karch [4] found a more general 
solution of the matrix model describing an elliptic supertube, which included a plane parallel 
D2/anti-D2 pair as a limiting case. The fact that a circular cross-section could be deformed 
to an ellipse was a surprise at first sight because it was hard to understand how any shape 
other than a circle could be consistent with both rotation and the time-independent energy 
profile required by supersymmetry. The subtleties was detailed by Townsend in [18]. In this 
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section we will apply the similar calculations as those in the circular cross-section to the tube 
with elliptic cross section. We will see that deform a circular cross-section tachyon tube to 
that with an elliptical cross-section does not change the physical properties. 

The elliptical cylinder can be described by the coordinate (u,v,z), with < u < oo, 
< v < 2n, and — oo < z < oo. Define x = acosh(u) cos(v), y = asinh(u) sin(v) implies 
that x 2 /cosh(u) 2 + y 2 /sinh(u) 2 = a 2 and x 2 /cos(v) 2 — y 2 /sin(u) 2 = a 2 . Thus holding u 
constant yields a family of ellipses with x- axial the major one and holding v constant yields 
a family of hyperbolas with focal on the x-axial. The line element becomes 



ds 2 



dt 2 + a 2 sinh(u) 2 + sin(v) 2 {dv 2 + dv 2 ) + dz 2 . 



(4.1) 



Substituting the BI 2-form 

F = E dt A dz + B dz A dv . 
into MZ tachyon action (3.2) we have the action 

E 2 



S -T, I dtdzdudvV(T) (a 2 (l - ^-j [sinh(uf + sin(v) 2 ] +^- + T' 2 



-2ttT 3 J dt dz du V{T) [a 2 J 1 - — 



sinh(u) + — 



r>2 N 



in which T' = d u T{u). The associated equation of motion is 



2V(T)T"(u) - V'(T) (a 2 ( 1 - ^ 



sinh(u) 2 H — 
2 



f>2 N 



o, 



which can be solved by 



B 



T(u) c = —(u-Uq), 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



if electric E = E c = \[2. Note that u being determined by the BI electric and magnetic 
fields is relevant to the size of the ellipse. 

As that in the circular cross-section, we can from the action (4.3) see that increasing the 
electric field has the effect of reducing the brane tension, and increasing E to its 'critical' 
value E c = \[2 would reduce the tension to zero if the magnetic field were zero. The electric 
displacement and energy density defined as before become 



IT = 2ttT 3 V(T) a 2 E 



sinh{u) 2 + - 



(4.6) 
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H = 2t;T 3 V(T) (a 2 (l + 



sinh{u) 2 + - 



d2 N 



(4.7) 



In figure 3 we plot the typical behaviors of the function H{u) which shows that there is a 
peak at finite radius. 



H 




1 2 3 4 5 6 

Figure 3. The typical behaviors of H{u) in (4-7). There is a peak at finite u which specifies 
the size of the elliptic tube. 



When E = E c , we can use the regular tachyon solution (4.5) to evaluate the string charge 
per unit length of the elliptic tube 

qi = 2tt / dull, (4.8) 
Jo 

which then determines the u in terms of B and q 1 . After the analysis we can see that the 
energy density per unit length U can be expressed as 

U = 2tt r duH = V2 qi + g , (4.9) 
Jo 

in which go being the charge of Dq is the function of the magnetic field B [5]. (Note that, in 
the elliptic case we could not perform the above integrations exactly if Uq ^ 0.) The results 
tell us that, as that in the circular cross-section solution, the tubular D2-brane tension has 
been canceled by the binding energy released as the strings and DO-branes are dissolved by 
the D2-brane. In this interesting case, i.e. E = E c the energy of the tube comes entirely 
from the DO and strings which are bounded on the D3-brane. 

Let us now turn to investigate the fluctuation t around the elliptical tubular solution 

T = T(u) c + t(u). (4.10) 
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Substituting the tubular solution (4.5) into the action (4.3) and considering only the quadratic 
terms of fluctuation field t(r) we obtain 

x , . , v(r e y ( B 2 n - 



S = -2tt T 3 J du (v(T c ) t' 2 + 2V(T C )' 1 1' + + (T c ') 2 ) t 2 



= -2ttT 3 / o?m 



djdj + 1 



E 2 B 4 



u z \t 



2 4 

in which we have used an partial integration and the field redefinition 



t = V(T c )*t, with V(T C ) = e 



-T? 



(4.11) 



(4.12) 



The above expression is exactly like (3.17) and have the same spectrum as (3.18). Thus there 
is no tachyonic fluctuation. This result is consistent with the identification of the elliptic 
tachyon tube tube BPS D2-brane. 

We conclude this section with a comment. The elliptical tube described by the solution 
(4.5) does not depend on the function form of the tachyon potential. However, in the case of 
describing the non DPS D-brane by the tachyon potential (2.8), as there exist term sinh(u) 2 
in (4.7) the tube could be with a finite energy density only if B > 2y/2. Otherwise, after 
the integration the equation (4.9) will be divergent. However, if we described the non DPS 
D-brane by the tachyon potential V(T) = e~ T2 , then there does not have such a constrain. 



5 Conclusion 

We have reported our searches for a single tubular solution of regular profile on unstable non 
BPS D3-brane. We have shown that some extended models in which new contributions are 
added to the tachyon action to avoid the Derrick's no-go theorem still could not provide us 
with a single regular tube solution. We thus use the Minahan-Zwiebach tachyon action to 
investigate the problem. We have found regular tubes of circular and elliptic cross-section 
and seen that the energy of the single tubular configuration comes entirely from the DO and 
strings which are on the D3-brane. We have calculated the fluctuation spectrum around the 
kink solution and seen that there is no tachyonic mode therein. The results are consistent 
with the identification of the tubular configuration as a BPS D2-brane. These provides us 
with a new support of the Sen's Decent Relations of tachyon condensation. 
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